We study certain spectral aspects of the Sturm-Liouville problem with a finite number of interior singularities. First, for self-adjoint realization of the considered problem, we introduce a new inner product in the direct sum of the L 2 spaces of functions defined on each of the separate intervals. Then we define some special solutions and construct the Green function in terms of them. Based on the Green function, we establish an eigenfunction expansion theorem. By applying the obtained results we extend and generalize such important spectral properties as the Parseval and Carleman equations, Rayleigh quotient, and Rayleigh-Ritz formula (minimization principle) for the considered problem.
Introduction
The Sturm-Liouville differential equations are a class of differential equations often encountered in solving PDEs using the method of separation of variables. Their solutions define many well-known special functions, such as Bessel functions, Legendre polynomials, Chebyshev polynomials, or various hypergeometric functions arising in engineering and science applications. The solutions of many problems in mathematical physics are involved in investigation of a spectral problem, that is, the investigation of the spectrum and the expansion of an arbitrary function in terms of eigenfunctions of a differential operator. The issue of expansion in eigenfunctions is a classical one going back at least to Fourier (see, e.g., [-] ). The method of Sturm expansions is widely used in calculations of the spectroscopic characteristics of atoms and molecules [-] . A relatively recent impact is due to the study of wave propagation in random media [, ] , where eigenfunction expansions are an important input in the proof of localization. The use of this tool is settled by classical results in the Schrödinger operator case. But with the study of operators related to classical waves [, ], a need for more general results on eigenfunction expansion became apparent. An important point is that a general function can be expanded in terms of all the eigenfunctions of an operator, a so-called complete set of functions. That is, if f n is an eigenfunction of an operator with eigenvalue μ n (so f n = μ n f n ), then a general function g can be expressed as the linear combination g = c  f  + c  f  + · · · where the c n are coefficients, and the sum is over a complete set of functions. The advantage of expressing a general function as a linear combination of a set of eigenfunctions is that it allows us to deduce the effect of an operator on a function that is not one of its own eigenfunctions. The importance of Sturm-Liouville problems for spectral methods lies in the fact that the spectral approximation of the solution of a differential equation is usually regarded as a finite expansion of eigenfunctions of a suitable Sturm-Liouville problem. Eigenfunction expansion problems for classical Sturm-Liouville problems have been investigated by many authors (see [, , , ] and references therein). In this paper we investigate certain spectral problems arising in the theory of the convergence of the eigenfunction expansion for one nonclassical eigenvalue problem, which consists of the Sturm-Liouville equation
and transmission conditions at the interior points
where
. . , n + , the potential q(x) is a realvalued function that is continuous in each of the intervals (ξ i- , ξ i ) and has finite limits q( + ), q(π -), and q(ξ i ∓ ), i = , , . . . , n, λ is a complex spectral parameter, and δ k , δ k , γ k , and γ k (k = , , . . . , n) are real numbers. The conditions are imposed on the left and right limits of solutions and their derivatives at the interior points and are often called 'transmission conditions' or 'interface conditions. ' Such type problems often arise in varies physical transfer problems (see [] ). Some problems with transmission conditions arise in thermal conduction problems for a thin laminated plate (i.e., a plate composed by materials with different characteristics piled in the thickness; see [] ). Similar problems with point interactions are also studied in [, ], et cetera. Since the solutions of equation () may have discontinuities at the interior points of the interval and since the values of the solutions and their derivatives at the interior points ξ i are not defined, an important question is how to introduce a new Hilbert space in such a way that the considered problem can be interpreted as a self-adjoint problem in this space. The purpose of this paper is to extend and generalize important spectral properties such as the Rayleigh quotient, eigenfunction expansion, Rayleigh-Ritz formula (minimization principle), Parseval equality, and Carleman equality for Sturm-Liouville problems with interior singularities. The 'Rayleigh quotient' is the basis of an important approximation method that is used in solid mechanics and quantum mechanics. In the latter, it is used in the estimation of energy eigenvalues of nonsolvable quantum systems, for example, many-electron atoms and molecules. We note that spectral problems for ordinary differential operators without singularities were investigated in many works (see the monographs [, , -] and the references therein). Some aspects of spectral problems for differential equations having singularities with classical boundary conditions at the endpoints were studied, among others, in [, , -], where further references can be found.
Some preliminary results in according Hilbert space
We denote by θ ijk ( ≤ j < k ≤ ) the determinant of the jth and kth columns of the matrix
Note that throughout this study we shall assume that
we define the new inner product associated with the considered
Let us introduce the linear operator (Ay)(x) = -a(x)y (x) + q(x)y(x) in the Hilbert space H with domain of definition D(A)
consisting of all functions y ∈ H satisfying the following conditions: (i) y and y are absolutely continuous in each interval i (i = , , . . . , n + ) and has finite limits y(
is reduced to the operator equation Ay = λy in the Hilbert space H.
Theorem . For all y, z ∈ D(A), we have the equality Ay
Proof From the definition of Hilbert space H it follows that
where, as usual, W (y, z; x) denotes the Wronskian of the functions y and z. From the boundary conditions ()-() it follows that
The transmission conditions ()-() lead to
Substituting () and () into (), we obtain the needed equality.
Lemma . The linear operator A is densely defined in H.
Proof It suffices to prove that if z ∈ H is orthogonal to all
the set of all infinitely differentiable functions in vanishing on some neighborhoods of the points
. . , n + ), we have that the function z(x) vanishes on . The proof is complete.
Corollary . A is symmetric linear operator in the Hilbert space H.

Corollary . All eigenvalues of problem ()-() are real, and two eigenfunctions corresponding to the distinct eigenvalues are orthogonal in the sense of the following equality:
Remark . In fact, as in our previous work [], we can prove that the operator A is selfadjoint in the Hilbert space H. Moreover, the resolvent operator (A -λI) - is compact in this space.
Now we define two solutions υ(x, λ) and ϑ(x, λ) of equation () on the whole =
, where υ i (x, λ) and ϑ i (x, λ) are defined recurrently by the following procedure. Let υ  (x, λ) and ϑ n+ (x, λ) be solutions of equation () on (, ξ  ) and (ξ n , π) satisfying the initial conditions
and
respectively. In terms of these solutions, we define recurrently the other solutions υ i+ (x, λ) and ϑ i (x, λ) by the initial conditions
respectively, where i = , , . . . . The existence and uniqueness of these solutions follow from the well-known theorem of ordinary differential equation theory. Moreover, by applying the method of [] we can prove that all these solutions are entire functions of parameter λ ∈ C for each fixed x. Taking into account ()-() and the fact that the Wron-
. . , n + ) are independent of the variable x, we have
It is convenient to define the characteristic function ω(λ) for our problem ()-() as 
Eigenfunction expansion based on the Green function. Modified Parseval equality
We can show that the Green function for problem ()-() is of the form
for x, s ∈ (see, e.g., [] ). It is symmetric with respect to x and s and is real-valued for real λ. Let us show that the function
called a resolvent, is a solution of the equation
(where f (x) =  is a continuous function in each i with finite one-hand limits at the endpoints of these intervals) satisfying the boundary-transmission conditions ()-(). Without loss of generality, we can assume that λ =  is not an eigenvalue. Otherwise, we take a fixed real number η and consider the boundary-value-transmission problem for the differential equation
together with the same boundary-transmission conditions ()-() and the same eigenfunctions as for problem ()-(). All the eigenvalues are shifted through η to the right. It is evident that η can be selected so that λ =  is not an eigenvalue of the new problem. Let
G(x, s; ) = G(x, s). Then the function
y(x, λ) = n k=  a  k+ k i= θ i n+ i=k+ θ i ξ k+ - ξ k + G(x, s)f (s) ds ()
is a solution of the equation a(x)y -q(x)y = f (x) satisfying the boundary-transmission conditions ()-(). We rewrite () in the form
Thus, the homogeneous problem (f (x) ≡ ) is equivalent to the integral equation
Denoting the collection of all the eigenvalues of problem ()-() by λ  < λ  < λ  < · · · < λ n , . . . and the corresponding normalized eigenfunctions by y  , y  , y  , . . . , y n , . . . , consider the series
We can show that λ n = O(n  ). From this asymptotic formula for the eigenvalues it follows that the series for Y (x, ξ ) converges absolutely and uniformly; therefore, Y (x, ξ ) is continuous in . Consider the kernel
which is continuous and symmetric. By a familiar theorem in the theory of integral equations, any symmetric kernel K(x, ξ ) that is not identically zero has at least one eigenfunction [] , that is, there are a number μ and a function ψ(x) =  satisfying the equation
Thus, if we show that the kernel K(x, ξ ) has no eigenfunctions, we obtain K(x, ξ ) ≡ , that is,
that is, the kernel K(x, ξ ) is orthogonal to all eigenfunctions of the boundary-valuetransmission problem ()-(). Let y(x) be a solution of the integral equation (). Let us show that y(x) is orthogonal to all ψ n (x). In fact, it follows from () that
that is, y(x, λ) is an eigenfunction of the boundary-value-transmission problem ()-(). Since it is orthogonal to all ψ n (x), it is also orthogonal to itself, and, as a consequence, y(x, λ) =  and K(x, ξ ) = . Formula () is thus proved. 
where r m = r m (f ) are the Fourier coefficients of f given by
Then, relying on () and (), we have
From the orthogonality and normalization of the functions ψ m (x) we obtain ().
Proof If f (x) satisfies the conditions of Theorem ., then () follows immediately from the uniform convergence of the series (). Indeed,
Now, suppose that f (x) is an arbitrary square-integrable function on the intervals i (i = , , . . . , n + ). Slightly modifying the familiar theorem in the theory of real analysis, we can show that there exists a sequence of infinitely differentiable functions f k (x), converging in mean square to f (x), such that each function f k (x) is identically zero in some neighborhoods of the points ξ i (i = , , . . . , n + ). From () it follows that
where r m (f s ) are, as usual, the Fourier coefficients in (). Since the left-hand side () tends to zero as s, t → ∞, the right-hand side also tends to zero. By applying the CauchySchwarz inequality we obtain
On the other hand, from the convergence in the mean of f s (x) to f (x) it follows that 
It follows from () that
for an arbitrary integer N . Passing to the limit as s → ∞, we obtain
Taking into account the Minkowski inequality, we see that the series
Moreover, from the convergence in the mean of f t (x) to f (x) we derive that
Finally, letting t → ∞ in the equality
we obtain () for arbitrary f ∈ n+ i= L  ( i ). The proof is complete.
Modified Carleman equality
We now return to formula (), whose right-hand side has been called the resolvent. Let 
) be an eigen-pair for the Sturm-Liouville differential equation (). Then the Rayleigh quotient for problem ()-() takes the form
λ := R(ψ) = n k=  a  k+ k i= θ i n+ i=k+ θ i {a  k (ψψ | ξ k+ - ξ k + ) + ξ k+ - ξ k + (a  k (ψ )  + qψ  ) dx} n k=  a  k+ k i= θ i n+ i=k+ θ i ξ k+ - ξ k + ψ  dx .(
